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Abstract

Undertaking the study of behaviour of a BPS monopole moving in the field of another BPS
monopole, in moduli space, Dirac’s equation has been solved for energy eigen values and it
has been shown that spin momentum of an interacting BPS monopole behaves as extra
energy source. Introducing suitable spinors, the Pauli equation for a BPS monopole moving
in the field of another BPS monopole has been solved in moduli space and it has been shown
that adhoc introduction of spin in the system of two BPS monopoles perceptibly modifies the
energy eigen values and eigen functions of bound states of the system.

1. INTRODUCTION

Apart from ‘t Hooft-Polyakov*® non-Abelian monopole Bogomol’nyi-Prasad-
Sommerfield (BPS) monopoles® have attracted much attention in a variety of contexts in
theoretical and mathematical physics and more recently in pure mathematics BPS
monopoles provide a three-dimensional example of topological solitons of Bogomol’nyi
type; they are static, finite energy solutions of classical field equations and stable because
their energy attains a lower topological bound, the Bogomol’nyi bound. Much progress
in understanding of the dynamics of such solitons has been made over the past decade
using the idea of moduli space approximation®. In this scheme one approximates the
slow motion of several interacting solitons by geodesic motion on the Riemanian
manifold of static multi-soliton solutions. To quantise, one works in the Schrodinger
picture: wave functions are complex valued functions on the moduli space and the
quantum Hamiltonian is taken to be proportional to the Laplace-Beltrami operator®. In
general the mathematical analysis of moduli space is still very difficult problem, but in
the case of two BPS monopoles one could exploit special properties, in particular the
hyperkahler property of the metric, and obtained sufficient information about the moduli

* Corresponding author



P.P. Purohit et al. /Sri Lankan Journal of Physics, Vol. 2 (2001) 71-83

space to calculate geodesics and to study the Laplace operator in some detail. The
analysis of the moduli space is summarised in the recent book by Atiyah and Hitchin®”
and the paper of N. Seiberg®. Jackiw and Rebbi first observed that the Dirac operator
coupled to a t’ Hooft-Polyakov monopole has zero modes® and gave a physical
interpretation of them; later Callias™ rigorously proved an index theorem for the Dirac
operator in the background of a general BPS (multi-) monopole. Undertaking the study
of monopoles and dyons in moduli space we'*? have analyzed the extended structure of
non-Abelian dyons and obtained the structure for dyonic mass and electric and magnetic
fields in the interior region of dyon and showed that when collective coordinates of
monopoles are time dependent it acquires momentum and electric charge and become a
moving dyon. We have also analyzed the connection of moduli space of monopoles with
normalized bosonic and fermionic zero modes®. We have undertaken the study of
kinematics and monodromies around singularities in quantum moduli space of four-
dimensional N=2 supersymmetric theory and obtained spectra of BPS state in weak and
strong coupling regions®?. In the present paper, we have undertaken the study of Pauli
equation for BPS monopoles in moduli space and showed that the interaction of spin and
the potential leads to an extra-energy expressible in terms of spin momentum of the
particle concerned. Analyzing Dirac equation in moduli space, the study of interaction of
spin and orbital angular momentum has been undertaken. We have also undertaken the
study of a BPS monopole moving in the field of another BPS monopole by introducing
suitable spinors and bound states energy eigen values and eigen functions have been
obtained in moduli space.

2. BEHAVIOUR OF A BPS MONOPOLE IN THE FIELD OF ANOTHER BPS
MONOPOLE

Our standard references for background material on BPS monopoles will be the
book by Atiah and Hitchin and the paper by Gibbons and Manton®. We follow the
notational conventions adopted there and denote by A;, i = 1, 2, 3, the cartesian
components of an SU(2) gauge potential A on R? and by ® a Higgs field in the adjoint
representation of SU(2). More specifically, writing su(2) for the Lie algebra of SU(2), we
have four maps
A, @ R35SU(2).

We use the gauge potential to define the covariant derivative
where g is the magnetic charge of BPS monopole and the curvature is given by

Fi =GiA] —0iA +[Ai,Aj]
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We shall often refer to the gauge group SU(2) as the isospin group and use a basis T, (a
=1, 2, 3,) of su(2) satisfying [I'a,TbJ:eabC T, which can be expressed in terms of the

Pauli matrices 75 via Tg I%Ta. We also require a norm | || on su(2) which we take to

be ||'I'||2 =—%trT2. We can then introduce the space A of pairs (A,CD) which satisfy the

boundary condition

lim. |o(x)|=1 (1)
‘7(‘—)00
anql the base point condition
Xé.r_n)boq>(o,o,x3)=—T3. .(2)

The group G of gauge transformations is, by definition, the space of maps
g : R® - SU(2) which satisfy the base point condition

xgﬂ'oo 90,0, x3):12. ..(3)
G acts freely on A and dividing by the action, we obtain the true configuration space
A
=—. ..(4
0= (4)
Finally; we introduce a non-Abelian magnetic field
1
Bi = Sijk Fik
and define that a BPS monopole is a pair (A,CD)eA which satisfy the Bogomol'nyi
equation
Bj = D; . ...(5)

We introduce the notation X for the space of all k-monopoles. X is an infinite
dimensional manifold on which the group G acts freely. Quotienting X by this action,
we obtain the moduli space M\ which is differentiable manifold of dimension 4k. It has
a natural Riemannian metric introduced from the Yang-Mills-Higgs (YMH) kinetic
energy functional and it has been explained” why M\ equipped with this metric is a
hyperkahler manifold. Since M\ is precisely the subset of g on which the potential
energy functional V is minimal for given Kk, it is a natural candidate for the configuration
space of a truncation of the YMH theory in the topological sector with winding number
k. Manton et. al have given the interpretation of the 4k parameters and the moduli
space of a single monopole. M is a flat manifold of the form

M, =R3xsl ..(6)

with R® and S' as position and angular coordinates respectively.
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Writing (t, X) for a four-component spinor which also transforms under the
fundamental representation of the SU(2) isospin group, the (1+4)-dimensional Dirac
equation in the temporal gauge Ao= 0, may be written as

[— {l‘0®§t+cF”®Dﬂ}+ mlcz}y/:o, .(7)
where m; is the mass of BPS monopole while D; is defined by equation (4.2) and
D, = ®. Specifically, we consider SU(2) gauge potential

Ay, 1=1234 on R*=R3 xR which are independent of x, and have self-dual

curvature
1

It may be checked that this equation is equivalent to the Bogomol'nyi equation if the
fourth component of the gauge potential is identified with the Higgs field, A, = ®. We

can obtain five 4 x 4 complex matrices (FO,F”), from the standard Dirac y -matrices:
1—*0:?/0’1—4 :7I1F4:_|75:7071727/3 (9)
\|/(t, 7() really transforms under a spinor representation of SO(1, 4) but we can think of it

as an SO (1, 3) spinor by restricting to the Lorentz transformations in
SO(1,3) = SO(1,4) respecting the condition x; = 0. Dirac's equation for a BPS

monopole moving in an external field of another BPS monopole may then be written as
@4+t @0, + oAy )+ mlcz]y/:O. ..(10)

Multiplying by T, we get

w=0. ..(11)

. 2
r%0®4 —cr%i @D, —c (r4) ® (9, + gA, )+ T4mc?
Using r4 =1y, D4=d>:c(o”4+gA4) and using equation (9), we get from equation
(12):

0 -4, T M e 0T T 0 L, T 0 1,

or

=1 o 1,7 o@D, 0 7| 0 12®c1>+ 0 1, e v

..(12)
The relativistic energy of the particle includes also its rest energy m;c This must be
excluded in arriving at the non-relativistic approximation and we therefore replace v by
a function v ' defined as follows:
—im1c2t/h

=0

[

y=ye
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Then from equation (12), we have

1, 0 0 o®D) (L,®eDd 0
{'h_ﬂnlc }[2 —12}/":[_0{—6@0 0 I}_(zo 12®@j

{3 ot

Substituting l//'=(§j, where & and m are two-component functions, we obtain
n

(.. 0 2
0 Nl lc o@D -1, 0Dy 2

- [lhEerlc jn = 2 me= 7
From equation (13) we get

Iz

5+ @cb}g:—c(;i ®(0; + oA (14)

b2l

{lhg—12®®+2mlc }n——CO' ® (0, + A . ..(15)
In the first approximation, only the term 2m1c277 is retained on the left hand side of (15),
which gives
n——ﬂa @0+ oA ..(16)

Substitution of (16) in to (14) gives

Z - gh
=H¢ (17)
where &; = p; is the momentum of BPS monopole.
This is Pauli equation for BPS monopoles in moduli space. It has the following extra

spin contribution in the energy gained by BPS monopole while moving in the field of
another BPS monopole;

E:—%(Gi ® curl ,01) ...(18)
This can also be written as
E'=ug ® curl A =—yg,(ai ® curl A) ..(19)
where
gh
= ...(20
Hy om, (20)

is defined as Bohr magneton for the system and
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Hg = HyOi ..(21)

as spin moment of BPS monopole. Consequently, extra-energy term in the Hamiltonian
may be interpreted as the energy of interaction of the spin-moment of a BPS monopole
with a vector field, resulting from the space rotation of four-potential Aﬁ. The third
component of the spin moment operator for BPS monopole may be written as:

h
('ug)3:29_m10-3 ..(22)
the eigen values of which are
gn
+=—=tu_,. ..(23
2my v (23)

3. SPIN-ORBIT INTERACTION
Let us consider the motion of a BPS monopole in the field of another BPS

monopole retaining terms of up to those of order VZ/CZ. Substituting Ai = 0 and
E = ih%in equations (14) and (15), we find

[E+1, ®®E=—co; ® Bin ..(24)
—[E—lZCHD+2mf?}n=c6i®[ﬁ§. ..(25)

We calculate from (25) the function m up to terms of first order in (E -1,® CD)/Zmch .
Substituting the value

E-1,®d
—— 2 o @ Bk
2m,c 2mic

in to equation (24), we find an equation containing only one two-component function:

E-1,®0
¢+5®®k:3%&q®m1-—Eé?—@ﬁ®mk .(26)

which on simplification gives the following expression for energy operator
(Hamiltonian) in the first approximation;

~ 1 E-1,®D | _ in [ L
A=gnr1- mé@ #—5®®—;%?kﬁ¢mﬁ®m]
+Z%?h®ﬁ@®®bmﬂ (27)

The expression for Hamiltonian, in second approximation, can be derived by using
another function

x=0¢
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the normalization of which up to second order leads to the following value of factor O

8mlzc2
Using this value of G (and hence of y ), we get the following relativistic expression for

corresponding Hamiltonian up to terms of order vz/c2 ;

2 2
, 57 |a, B
H= 1+—8mlI2c2 H 1—8ml+202
L2 2 [E-1,00f
_| P he g2 BT
o 1L,® |+ e 521, ®0) o
[rahobtzonnal
:ﬁ0+ﬁ1+ﬁ2+ﬁ3:ﬁo+ﬁl ..(28)

where ﬁo corresponds to the non-relativistic term of the Hamiltonian, while ﬁl is the
relativistic term to the Hamiltonian various parts of which arise due to different
relativistic interaction, The quantity Hq is called contact interaction operator, analogous
to the term introduced by Darwin ™ for electronic case. H2 is the relativistic correction
term due to the dependence of kinetic energy on momentum. Finallly,
. oy @ VL, @ 0)x i |
_ 1 2 I
Ha= 55 ...(29)
4ml c
is the so-colled spin-orbit interaction operator.
Ina spherlcally symmetric field

Substituting this expression in to equation (29), we find the spin-orbit interaction
operator for the motion of a spin-1/2 particle in a spherically symmetric field:

=1

~ d

Hy=—Il,®® : ...(30)

3 dr ( 2 ) rnfczr
where L=F x P; is the orbital angular momentum operator and §=%hai Is the spin

gz

angular momentum operator. For CD:—T, equation (30) reduces to

-9 ool (30a)

3~ om2cr3 2

2my
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which clearly demonstrates that, besides the contribution of Higgs field, the interaction
of spin and orbital angular momenta of moving BPS monopole also contributes to the
energy operator.

4. PAULI EQUATION FOR A BPS MONOPOLE IN THE FIELD OF ANOTHER
BPS MONOPOLE IN MODULI SPACE

For analyzing the motion of BPS monopole in the field of another BPS monopole
with the inclusion of spin effect, let us start with the following Schrodinger equation of a
spinning BPS monopole in the field of another BPS monopole in moduli space;

- L9, e0m+Fiiee | |1]-g L (31
2my val V2

where Vis (ﬁi +gAi) and spin-orbit interaction F(r)ﬁ@ai will be treated as small

perturbation.
The unperturbed Hamiltonian

~ l ~
Hy :—EVZ +1, ® (r) (32)
where Higgs potential
g2
o(r)=—9— ...(32a)

r
represents the familiar central force problem for the system of a BPS monopole moving
in the field of another BPS monopole and the spin-orbit interaction energy H'is given

by
~ gz 1 ~ ~
2mlc r
To simplify the above equation, we introduce the total angular momentum as
J®J=L®L+S®S+2L&®S.
So the Pauli operator for H'is given by

2
() =4n?lﬁ<ri3>12 olieik-(el),-Ees)) .(34)
Thus the Pauli wave equation becomes
(Flpvp =[Fgk + (A bp =Wy +(3)
where
Ho O _%62 _9_214 0
- m r
(Ho)p={ 0 ﬁoJP: 1 . 1. 2 .(36)
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and
v
l//P:( +j ...(37)
Y-)p
represents the Pauli wave function. The Pauli wave equation for unperturbed
Hamiltonian is given as

Hy 0 Y0 o (v:(0)

LO QOJ(W(O)JW(O)[W@J -(38)
or

Hoy1(0)=W (0 (0) .(39)

This equation can be solved by the method of separation of variables by writing the wave
function as

u
y/=#Yg,|1m(0,¢) ..(40)

where Yg | m(0,¢) is independent of r (it may be treated as angular function) and the

radial function [@} =R(r) satisfy the equation

o[ 1 g2 A @)
with
1 6(.. 0o 1 2

and @ is defined by equation (32a). Substituting the value of ® from equation (32a) in
to equation (41), we get

2
1
—12 d {rz—dR}+2m1 Eso 4 1(1+1) R(r)=0. ..(43)
r dr dl’ r 2rnlr2

We introduce the dimensionless variable
p=ar
so that equation (43) becomes

2
1 d dr] |2mE 2mg~l, |(+1
—Zd—{pzd—}+ L1 ( ; ) R(p)=0 ..(432)
pc up P a op 0

where o2 = 8my|E[=-8m E.
Equation (43a) may be written as

1 d( 2dR) |24 1 I(+]) _
?%(P %}+[; 17 2 }R(P)—O ..(44)
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where

ﬂ:gzlmf%. ...(443a)

Equation (44) yields the following energy eigen value for the system of a BPS monopole
spinning around another BPS monopole;

4
971
En=—mlrl2 4 ...(45)

where n = 0,1,2,... andy(0), the wave functions describing the behaviour of a BPS
monopole moving in the field of another BPS monopole, are simply Rp(r)Yg | m(6, ¢)

with Yg,,,m(e, ¢) as angular function. Thus the Pauli wave function for the spin-up and
the spin- down states would be given as

(7)) =l//(n,|,ml,ms:+%j = RnIYg,I,ml‘T>
( nIYg,I,m J ..(46)
and
O V) 1)~y
0
[ nIYg’I’mJ .(47)

In the absence of the spin -orbit interaction, both the wave functions correspond to the
same energy. We can determine the splitting due to spin-orbit interaction choosing a
representation in which A’ is diagonal

(¢1)P:¢[n,l,jzl+%mj]
1
l+m:+=
. I 2,
21+1 —m.—L me=+1i
+ [n,l,ml_mJ 2,mS_+2]
1
|—mj+§
N7 Y
21 +1 =M +2 Mme=—t
+ [n,l,ml_mj+2,ms— 2}

or
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I+ m; + =
a1 +1 Rl g.lm;-
(b ) = . .(48)

1
l-m; +>
_ ) 2p

211 nl'glm. ith

Then the first order perturbation due to the spin-orbit interaction would be given by
+( g

Wil jars o

2

9 Jde 3¢+12 olioip-Leolh-edph ..(49)
4mlc
or
1) g2 a1 1 Iimj+;
We ' =— 11, ®3j(j+1)-l1+1)- >} |[dr 59—
s 4mfc2[2 {J(H) (1+2) 4HJ s
2 1 2
‘ ‘ I+m +2‘ ‘
Rl Y +——<R Y ...(50)
ni 1 2141 |l 1
g,l,mJ > g,I,mJ+2
where the plus and minus sign corresponds to j=I +% and j=I —% respectively.

After integration, we get

92 I>1<forj—l+}/

2 3 - 2
Ws(lj _ 4rr121 c2 r 5D)

—=1,®(+1 for j=I1-

22 5| i
where

1 2 5 1
— R d ..(52
<r3> 0r3‘ nl‘ e 3I(I+%XI+1 (2)

The splitting of energy levels correspondlng to quantum number n is

ol
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2

E g1, ®I

n"~ 222g : y  for j=1+}

2mic“n?l(I +1)2 +1)ag
- ..(53)
5 (
E 941, ®(1+1)

n "2 -

n for J‘I_%

2m1202n3l(l +1)2l +1)a8

where E, is given by equation (45) and the Bohr radius for the system is given by

2
o =2LZ_ ..(54)
mJg
Equation (53) gives the splitting of energy levels corresponding to quantum number n for
j=1+1/2andj=1-1/2, respectively.

5. CONCLUSION

Equation (10) is Dirac’s equation for BPS monopole moving in the field of
another BPS monopole in moduli space, which on solving gives Pauli’s equation (17) for
BPS monopoles. Equation (18) describes the extra spin contribution in the energy gained
by BPS monopole while moving in the field of another BPS monopole, which has been
interpreted in terms of Bohr magneton and spin moment, through equations (20) and (21)
respectively. Equation (28) is the relativistic Hamiltonian, for BPS monopole in the field
of another BPS monopole, different parts of which arises due to different relativistic
interactions. Hamiltonian of this system has been shown in terms of Higgs potential
instead of scalar potential in our recent papers in abelian as well as in non-Abelian gauge
theories"” due to moduli space approximation. Equation (31) is the Schrodinger for a
spinning BPS monopole in the field of another BPS monopole in moduli space; spin has
been introduced in an adhoc manner in this equation. Equation (45) described the energy
eigen value of this system and equations (46) and (47) described the Pauli wavefunction
associated with spinning BPS monopoles in moduli space. Equation (53) is splitting of
energy levels corresponding to quantum number n and equation (54) is Bohr radius for
interacting BPS monopole in moduli space.
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