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Abstract

New modified nonrelativistic bound state energy eigenvalues have been obtained for the
hydrogenic atoms with spin ¥z under the sum of modified Cornell plus inverse quadratic
potential (MCIQP), at finite temperature, in the symmetries of the noncommutative three-
dimensional real space phase (NC: 3D-RSP). The ordinary sum of Cornell plus inverse
quadratic potential is extended by including new central terms to become MCIQP. In
addition, MCIQP is suggested as a quark—antiquark interaction potential for studying the
masses of heavy and heavy-light mesons in (NC: 3D-RSP), in which the potential satisfies
the features of quantum chromodynamics theory of strong interaction. For this purpose, the
modified radial Schrédinger equation is analytically solved using the generalized Bopp’s
shift method and standard perturbation theory. The energy eigenvalues and the
corresponding new Hamiltonian operator are obtained in (NC: 3D-RSP). These results are

applied to calculate the mass of mesons such as charmonium cc, bottomoniumbb and

mesonscs with spin (0 or 1). In a thermal medium of a positive temperature, the new
parameters of the studied potential MCIQP become temperature dependent because of color
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screening. It is found that the perturbative solutions of the discrete spectrum can be expressed
on the Gamma function, the discreet atomic quantum numbers (j,1,s,m) and the potential

parameters (C,G,F,L), in addition to noncommutativity parameters (@andé). The

influence of the induced magnetic field and the coupling parameter of the spin field on some
quantum properties of the system have also been studied. The total complete degeneracy of

modified energy levels under MCIQP is found to be equal to 4n”, which gives a very good
indicator that our new treatments produce clear energy values when compared with similar
energy levels obtained in ordinary relativistic quantum mechanics (RQM). New mass spectra
for the quarkonium systems is found to be equal to the sum of ordinary values in RQM plus

two perturbative terms proportional to the parameters (®ory) and (5or5) of

noncommutativity space-phase. These results are in good agreement with the already
existing results in nonrelativistic noncommutative quantum mechanics (NRNCQM) where
the physical treatment was done using other potentials such as new modified potential
containing Cornell, Gaussian and inverse square terms and modified quark-antiquark
interaction potential.

Keywords: Schrédinger equation, the hydrogenic atoms, the heavy quarkonium systems,
Cornell potential, inverse quadratic potential, noncommutative space-phase,
the Weyl Moyal star product, the Bopp’s shift method.

1.  INTRODUCTION

Over several decades, there has been a growing interest among researchers to
investigate the analytical solutions of the Schrdodinger equation for physical potential models
in quantum mechanical systems. Nonrelativistic wave equations and energy eigenvalues
have been of interest for theoretical physicists in many branches of physics such as nuclear
physics, atomic physics and gquantum chromodynamics (QCD). Recently, in a particular
case, the study of different properties of heavy-light mesons was very important for
understanding the structure of hadrons and the dynamics of heavy quarks in QCD theory.
Very recently, considerable efforts have been made to understand different properties of
heavy-light mesons; so researchers calculated the mass spectra of quarkonium systems such

as charmonium, bottomonium and mesons cs with the quark-antiquark interacted under
Cornell potential, mixing between the Cornell and the harmonic oscillator potential, the
quadratic and Morse potential in the context of relativistic and non-relativistic quantum
mechanics!®. This work is motivated by several recent studies such as the non-
renormalisation of the standard model, string theory, quantum gravity; nonrelativistic
noncommutative quantum mechanics (NRNCQM) that has attracted much attention®°, The
noncommutativity of space-phase was initially used by W. Heisenberg!! in 1930 and was
formalized by H. Snyder? in 1947. It should be noted that nonrelativistic quantum
mechanics is included within the framework of NRCQM. The main objectives of this work
are to further develop the work done by A. I. Ahmadov et al.%, expand it to the symmetries
of NRNCQM, and to achieve a more accurate physical description so that this study becomes
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valid in the field of nanotechnology. Furthermore, attempts are made to find new
applications including solutions of the modified radial Schrddinger equation with a class of
Cornell potentials influenced by the temperature. On the other hand, more profound
interpretations are sought in the sub-atomics and nano-scales using an updated version of the
Cornell plus inverse quadratic potential at finite temperature, which has the following new
form:

+C(T,r)r? >V, (F)= Vciq(r)—(%+§+£—LjL® (1)

B(T,r)

Vo (r)= AT, r)r - ;

Here A(T,r), B(T,r) and C(T,r) are three parameters dependent on the temperature and the
interquark distance r (see EQ. (8)). The parametersC ,G, F and L are determined in Eq.

(10) while the coupling E(?) Is interpreted as the interaction between the angular momentum
operator and noncommutativity properties of space-phase (see Eg. (16)). In this work,

nonrelativistic quantum dynamics of the hydrogenic atoms such as (He*, Be"and Li*") are
studied with spin-1/2 by solving the MSE using the generalized Bopp’s shift method and
standard perturbation theory in (NC: 3D-RSP). Furthermore, this study can be generalized

to describe the quarkonium systems such as charmonium cc, bottomonium bb and mesons

cs at finite temperature with spin-(0 or 1) in NRNCQM symmetries. The new structure of
NRNCQM based on new canonical commutative relations in both the Schrédinger and the
Heisenberg pictures (SP and HP), are as follows!3*! (Throughout this paper, the natural units
c =% =1 will be used):

where the indices (1, =1,2,3) While[AT B} =A*B-B*A, for any two operators A and

B . However, the new operators 5( )=% ( Jor p P, (t) in HP depend on the corresponding time-

independent operator g?:)?#or p, in Spas shown in the following generalized projections

relations:

I>

-enk -4 konk )

N . 3
(1) explfi to)f*exp( 0) ?

here & = x,0r p,and £(t)=x, (t)or p,(t). The evaluations of the dynamics systems are

described from the following generalized motion equations in NRNCQM:
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U1, o2 8Ty ] )

where Hciq and H °'q represent the quantum Hamiltonian operators for CIQP and MCIQP in

the NRQM and its extension, respectively. The very small two parameters 0** and "'
(compared to the energy) are elements of two antisymmetric real matrixes with dimensions
of (length) 2 and (momentum) 2, respectively. In addition, (*) denotes to the Weyl Moyal

star product, which is generalized between two arbitrary functions (f,g)(x, p) to the new
form (%, p)d(%, p)=(f =g)x, p) in (NC: 3D-RSP) symmetries??3! as follows:

(fg)(x, p)—> (f *g)x, p)z(fg —%9’”82 folg —%5’”82 f 659)0@ p) (5)

The second and the third terms in the above equation present the effects of (space-space) and
(phase-phase) noncommutativity properties. The purpose of this work is to solve the
modified radial Schrodinger equation for the MCIQP model at finite temperature in (NC:
3D-RSP) symmetries using the generalized Bopp’s shift method and standard perturbation
theory. The organization scheme of the present work is given as follows: In the next section,
we briefly review the ordinary SE with CIQP. Section 3 is devoted to study MSE by applying
the generalized Bopp's shift method and the standard perturbation theory. This is to find the
quantum spectrum of the perturbed spin-orbital operator and induced Zeeman effect for

hydrogenic atoms such asHe", Be* and Li*" under MCIQP at finite temperature. In the next
section, we determine the energy spectra of the quarkonium systems under MCIQP, in
addition to the new formula of mass spectra in (NC: 3D-RSP) symmetries. The main results
of this work will be presented in the sixth section. Finally, in section 7, this paper is
concluded with some brief remarks.

2. OVERVIEW OF THE EIGENFUNCTIONS AND THE ENERGY
EIGENVALUES FOR SE UNDER CIQP

The Schrodinger equation (SE) for the sum of Cornell plus inverse quadratic potential
(CIQP) at a finite temperature is of the form!:

V(r)=Ar _BLcr -V, (r)=AT,r)r- B(T’r)+C(T,r)r2 (6)
r r
The interaction potential between a quark and anti-quark is determined from the standard

Cornell potential vV (r) = Ar — E. The first part is responsible for quark confinement at large
r

distances while the second dominates at short distances®. This potential has been extensively
studied in both relativistic and non-relativistic quantum mechanics and has attracted a great
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deal of attention in particle physics. Here A and B are two positive coefficients and r is the
interquark distance. As it is mentioned in the first reference, the color screening in a thermal
medium of a positive temperatureT can modify the potential to become dependent on
temperature, which can be parameterized in the following form®:

Vi (F)=—2 (1 exp(- 115 (T))) - Sexp(c o (T)) + S expl- () (7)
o (T)r r r

D
with
A
AT.r)= T (1-exp(~ 15 (T)r)). B(T.r)=Bexp(~ 1, (T)r) and C(T,r)=Cexp(~11,(T)r) (8)
D
Here 1, (T) is the Debye screening mass. Expanding with the Taylor series expansion around
r =0, the potential in Eq. (7) can be simplified to the new form®:

V(r):D+Fr—%—Lr2—% (9)
r
with
D =Buy(T)+1/2Cu*(T), F=A-1/2Bu,*(T), G=B+ 1, (T), L=1/2Au,(T)
B(T,r)=Bexp(~ 1, (T)r) and C(T,r)=Cexp(- u,(T)r)
It is well known for the physicists, that studying any physical quantum system requires

(10)

solving the original SE given as®?%
PZ
(2_+V( )J nlm(r 9 ¢) nlm(r 9 ¢) (111)
y7]
where E, is the energy, u = Lﬂf“’ is the reduced mass of the hydrogenic atom (m, and

m,, represent the masses of the electron e and the atom Ze, respectively). In addition, for

the quarkonium systems, the reduced mass is

. The separation of coordinates in the
+ _
q q

complete wave function is W(r,8,¢)= 2y m Y,"(0,¢), Where Y,"(8,)is the spherical
r

harmonic function. If the radial part U (r)= Ar) Is inserted into the SE, one can get the
r

radial part in two forms as follows:
dZUnI (r)_l_gdunl( )

1 dz n r ci
+2 (E _Ve(f:fq nl( ):0:>:7'2<)+21u(E—Veﬂq);(m(r)=0(11.2)

dr? rdr
HereVS® =D + Fr—E+ Lr? +— I;H_?. The complete wave function and the
r r ur

corresponding eigenvalues of the SE for the potential in Eq. (9) are given by?:

¥(r,0,p)=C,r s exp( r{ )n[rz

and

B expl-2,/H, r)} 0,0) (12.1)
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2

ﬂ[m:_g'-+ j

2 3

e, =0+ LSt 1 of o (12.2)
a (l+2n)i\/l+4l(l+1)+8g3':—245L4+8,uC

whereH = —Zy(En — D -3Fr, +6Lr02), N = 2,u(3Fr02 —8Lr,° +G) and ry =1/5
characterize the radius of meson while C,, is the normalization constant.

3.  SOLUTION OF MSE FOR MCICP

3.1 Review of the generalized Bopp’s shift method

In this subsection, an overview or a brief preliminary for MCIQP in (NC: 3D-RSP)
symmetries is presented. To perform this task with the physical form of MSE, it is necessary

to replace the ordinary Hamiltonian operator I—A|(xﬂ, pﬂ), ordinary complex wave function

\P(?j and ordinary energy E, by the new Hamiltonian operatorH:iq(R#,fJ#), new

-

complex wave function ‘P[rj and new values of energy E:iq, respectively. Replacing the

ordinary product by the Weyl Moyal star product, the MSE in (NC-3D: RSP) symmetries
can be constructed as follows3*40:

H.q (xy, P, )‘I’(?j = En,‘P(?j = H ()A(#, f)ﬂ)* ‘P(F) = E°"“P(Fj (13)

The Bopp’s shift method*'* has been successfully applied to RNCQM and NRNCQM
problems using modified Dirac equation (MDE), modified Klein-Gordon equation (MKGE)
and MSE. This method has produced very promising results for number of situations having
a physical and chemical interests. The method reduces MDE, MKGE and MSE to the Dirac
equation, the Klein-Gordon equation and SE, respectively under two simultaneously

uv

2
NRQM. It is based on the following new commutators??-28;

p,andp, =p, +9’” X, ) in RQM and

translations in space and phase (x, — X, =X, — 5

[%,.2,]=[%,0).%,®)]=i6,.and [p,.p,]=[p, ). p,t)]= 6. (14)

The new coordinates ()2#, f)v) in (NC: 3D-RSP) symmetries are defined in terms of the

corresponding commutative counterparts (xﬂ, p, ) in NRQM via, as follows226:

0 —
(Xy’ pv):()’i/ﬂ ﬁv):{x/t - ;V pv’ py + 0;" ij (15)
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A A

The above equation allows us to obtain the operators (rz,pz) in (NC-3D: RSP)
symmetries®®-4! as follows:

(r?, pz):{fzzrz—z(?), p? = p2+E§j (16.1)

Where the two couplings E(?) and L@ in Eq. (16.1) are given as follows:
LO=1,0,+L,0,+L,0, and LO=L0n+L,0:x+L,0: (16.2)

here (L,, L, andL,) are just the components of angular momentum operator L while the
element of the antisymmetric matrix © , equalsé,, /2. Thus, the reduced SE (without star
product) can be written as:

oo (8, p, )+ \P(?j _ E°'Q\P(Fj Hao(R, B, )ty(?j - Eji‘h}f(?j (17)

The new Hamiltonian operator HC,q( ” ﬁﬂ), can be expressed as:

cl 9" A éV pz F 9‘/ 91/
e O

The extended Cornell plus inverse quadratic potential, in (NC: 3D-RSP) symmetries, is
suggested as follows:

Vo ()= Vg, (F) = D+Ff—%—Lf2—% (19)
I

Again, Eq. (16.1) is applied to obtain the important three terms ( Ff, (— %) and (— rc—zj)

which will be used to determine the MCIQP as:

6, 6.6 S {6i0(0) FroFi=Fr-—Le+0(e?)
r r r 2rd 2r (20)
L s Lft =L 4 LLe+0e%)and - & -2 =& C 61 0(e?)

r r r r

Substituting, Eq. (20) into Eqg. (19), the MCIQP in (NC-3D: RSP) symmetries can be
obtained as follows:

v, (f):V(r)—(—4+—+2——Lng) 21)
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Thus, the Cornell plus inverse quadratic potential is extended by including new terms

proportional with (1/r*,1/r® and1/r) to become MCIQP in (NC-3D: RSP) symmetries.
Now, by making the substitution Eq. (21) into Eq. (18), the modified Hamiltonian operator
H(f) in (NC: 3D-RSP) symmetries is found to be as follows:

Hoq(x, P, )= H® (F)=H,, (x,, p, )+ H*(r) (22)

per

The operator H, (xﬂ, pv) IS just the ordinary Hamiltonian operator in ordinary commutative

quantum mechanics:

p? G C
qu(xﬂ,p#) :Z+D+Fr—?—|_r2_r_2 (23)

Furthermore, the other part in Eq. (22) is proportional to two infinitesimal parameters (®
and @ ). It can be expressed in the following form:

H(r)=-

. (c G F ]9% Lo (24)

r* 2r® 2r
Thus, H;"q(r) can be considered as a perturbation term compared with the parent

Hamiltonian operator (the principal part) H, (xﬂ, pﬂ) in (NC: 3D-RSP) symmetries. On
the other hand, if G =Ze, the attractive term (—E) becomes a Columbian potential. It
r

allows both H °'q ()2”, I@,,) and H, (xﬂ, pﬂ) as good Hamiltonian candidates to describe the

Hydrogenic atoms such asHe", Be*and Li* under the influence of external fields in
ordinary quantum mechanics and its extension NRNCQM.

3.2 The exact modified spin-orbit spectrum for heavy quarkonium systems and
hydrogenic atoms under MCIQP model

In this subsection, the same strategy, which was used exclusively in some of our
published scientific works®3 is applied. Under such a particular choice, both couplings (
E(?)and EE) are reproduced to the new physical forms (7®E§and yétg), respectively.
Thus, the new forms of H ‘""q (r,@,é) for heavy quarkonium system and hydrogenic atoms
under MCIQP model are as follows:

| | _ C G F 0|2
H cia H cid = _ =4 —+——L — LS 25
per (r)—> so (r’®’9) }/{ (r4 +2r3 +2r )+ } ( )
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here © =10, +0,.2 +0,, 0=V +6x +6i° and y ~ 13% is a new constant,
which plays the role of the fine structure constant in the electromagnetic interaction or
quantum electrodynamics (QED) theory. Two vectors (® and @) are chosen parallel to the

spin S of hydrogenic atoms such asHe", Be* and Li**. Furthermore, the above perturbative
terms H If'q(r) can be rewritten as following new physical form:

D) /52 52 2
chodh oo fp ST
S0 r r r ’Ll

wherejand gdefines the operators of the total angular momentum and spin of hydrogenic

atoms (or heavy quarkonium systems). The operator Eg produce the quantum spin-orbit
interaction. (ng (r,@,é),Jz, L?, S*and J,) forms a complete set of conserved physical

- >

quantities. In addition, for spin-1/2, the eigenvalues of the spin-orbit coupling operator LS
arek, =1 {(I + %)(I + % +D)+1(1+1) - %} . This, corresponds to two polarities, the first one
corresponds to j=1+1/2 (spin-up) while the second polarity corresponds to j=1-1/2

(spin-down). Then, a diagonal (3><3) matrix H;‘q for MCIQP in (NC: 3D-RSP) symmetries

can be formed as follows:

(Hee), o 0
HO = 0 (H) o |=diag((H)  (H™) ,(Ho) )  @7.1)
0 0 (He),

The non-null elements (H ;‘q)ﬂ and (H ;‘q)zz of a diagonal matrix H®“ are given by:

(o), :_7k+(|>{£4+£+£_|_j®—2%}if j=1+1/2

r 2r®  2r

(H ?:q)zz =—%(|){(%+£+£—Lj®—2i}if j=1-1/2

r* 2r® 2r U

(27.2)

here (k_ (1), k_(I))s%(l,—l ~1), jandlare the total quantum number and orbital angular

momentum quantum number, respectively. The non-null diagonal elements (H :q)n and

(H ;‘q)zz will affect the energy values E_ by creating two new values Efiq and E:‘q ,

respectively. Details of these are given in the next subsection. After a profound calculation,
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it can be shown that the two new radial Schrédinger equations forU,,(r) and y,, (r) satisfy
the following differential equations for MCIQP, respectively:

dzUnI(r)+EdUn
r

e '(r) + Zy(E:iq —V 2 )Jnl (r) =0

dr

2
= S0 v, Ju(r)=0 (28.)

I.2

The new effective potential for MCIQP V&4 in (NC: 3D-RSP) symmetries is given by:

nc—eff

V ciq

nc—eff

_vee (&, 6 F el (28.2)
r 2r° 2r 2u

Eq. (24) indicates that H (r) is proportional to two infinitesimals parameters (® andé ).

Thus the modified radial part, that is, equation (28.1) is solved by applying the standard

perturbation theory to find acceptable solutions at the first order of two parameters ® and @
. The proposed solutions for MSE under MCIQP include energy corrections. Those
corrections are produced automatically from two principal physical phenomena, the first one
is the effect of modified spin-orbit interaction and the second one is the modified Zeeman
effect. Furthermore, the stark effect that appears in the linear part of MCIQP can also be
observed.

3.3 The exact modified spin-orbit spectrum for hydrogenic atoms under MCIQP
model

The purpose of this sub-section is to give a complete description of the determination
of the energy level of hydrogenic atoms such asHe®, Be*and Li*"under MCIQP. To
achieve this goal, we first find the corrections Ef‘q and Ej‘q for hydrogenic atoms. Those

corrections have two polarities up and down corresponding to j=1+1/2 and j=1-1/2,

respectively, at the first order of the two parameters (® andé). This is obtained by applying
the standard perturbation theory as follows:

-\ /-
r><r
C G

2
) o 2 n( on N <153 0
E% = —5C2k, | r " expl2y/H,r (—rzdj r " expl-2H,r) 299 Jgr
) 0 dr +£—L 2u
2r

E™ = (¥|(Hee) [¥) and ES = (¥|H™), |¥) (29.)

SO

By insertingj d’r =1, the above equation is easily rewritten in the equivalent form:

-
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f{(C G

LJr n( _ono N 7+73 —
Ed" = —1Cok Jr 1 exp(2rr>{( j{r J”i"exp(—Z‘/Hnr)} err ®—2i ar (292
u
+—-L
2r

Here the orthogonality property of the spherical harmonics j Y,"(8,0)Y," (6, 0)sin(0)d&g

=0,0,,,, 1S used. Now, the above two equations can be further simplified to the new form:

. T.(C,n,N,H )+T,(G,n,N,H )
ECIq(kJr’CVG!FrLynleHn):_},Cnlszr ® 1( ,nl , n)+ 2( ’n’ : n) 9 T (n N H )
v +T,(F,n,N,H, )+T,(L,n,N,H, ) 2

- T NH )+T N, H ]
£ 0 F LN H )=, (o] I ITRIG L) |0 gy
+T,(F,n,N,H, )+T,(L,n,N,H, )| 2u

(30)

Moreover, the expressions of the five factorsT, (i = 1_5) are given by:

T(CNH,) 7 (_ Zi)“
—_Ir exp(Z\/H_nr r ar r

2
‘/:7” exp(— 2\/H_n r)}} dr
2

n N
H%) r J'T"exp(—z\/H_nr) dr (31.1)

C 0

ZTZ(G,n,N,Hn):T)r\/:inl exp(z\/H_r%(_

G 0

n N
rZ%] r J'T"exp(—Z\/H_nr) dr

2T,(F,n,N,H,) _ Trw:ﬁ” exp(2 \/H_r>{(

F 0

L 0

to _N ¥ N _a2n- N i
—T“(L’n’N’H”):—J r zexp(z\/H_nr>{(—r2%J (r 2 */'T”exp(—z\/H_nr)} dr

(31.2)

N

+oo + n - n_L 2
T.(n,N,H, )= I r Zexp(z\/H_nr%(rZ%] [r 2 J'T"eXp(Z\/H_nr)]} dr

0

For the ground state, the expressions of the five factorsT, (i :1_5) can be simplified as

follows:

+0 ,771, +oo =

T(C.O.N, H,) cjr expl-2/Horjir, T,(G.0,N, H,) —Ir °exp(—2ﬂr)dr

T,(F.0.N, H,) Emrfﬁ explo2/Hr)dr, T,(LO N, H, ) ——Lmri " expl2/For dr (32)
2 [ ok 2

0

+o SN +3-1

T,(0.N,H,)= | r " expl-2y/H,r)dr

0
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where H, =—2y(E0 — D -3Fr, +6Lr02). It is convenient to apply the following special
integral®®:

|
o <

Txv‘l exp(— Ax? Jdx = p . F[%J (33)

with conditions (Re 5)0 , Rev)0 and p)0) while T(v/ p)= [exp(~tX"'*"* is the ordinary
0

Gamma function. After straightforward calculations, the following explicit results can be
obtained:

JH,
T,(G.O,N,Hy) =22 HO)%F(—?’FN]

T,(F.0,N,H,) (\/_)F r(z—ﬂJ

(34)

and T,(LO,N,H,)=—L(2,/H )ﬂ r[s-%‘}_ LT,(0,N, H,)
0
The exact modifications E“(k,,C,G,F,L,n=0,N,H,) and E®“(k_,C,G,F,L,n=0,N,H,)

of the ground state can be obtained as follows:
E“(k,,C,G,F,LO,N,H,)=—Cik. (I = ){@TM(COC G,F,L,N,H,)- 0 TS(O,N,HO)}
(35)

E“(k ,C,G,F,L,O,N,Hy)=—Cak (1= ){®T01(COC G,F,L,N,H )—;Ts(O,N,Ho)}
7

withT,(C,0,C,G,F,L,N,H,)=T,(C,0,N,H,)+T,(G,0,N,H,)+T,(F,0,N,H,)+T,(L.O,N,H,). For

the first excited state, the expressions of the five factorsT, (i = 1_5) are given by:
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o 2 2a+l+l 1 2 2a+1+3-1
L Cn=LN.H) H 2 f>2<p1 Bir)+ Blree  exp(- Air )}dr
0 [~ 20p 07 eXp( Bir )

o 2 2a+l+2 1 2 _2a+A+4-1
T,(G,n=1N,H,) EH 2 f;(f B )+ BT expl=, )}dr (36.1)
2 5 (= 2aB,r* < exp(- Bir)

2 20+ A+4- lexp ﬂ]_ )+ﬂ12 20+ A+6- 1exp( ﬂl ) ir
zaﬂl 2a+A+5-1 exp( ﬂl )

2 20+ A+5-1 _ 2 2a+2+7-1 _
T,(L,n=1N,H,) _LI{ exp(= B )+ Bt exp( ﬂlr)}dr

Zaﬁl 2a+2+6-1 eXp( ﬁl )

+00 2 . 20+A45-1 _ 2 _2a+2+7-1 .

Ts(n=1,N=1,H1)=j{“2rﬂ el ﬁzf);ﬂ)l 2T expl ﬂlr)}dr
_alra++—exp_ 1r

(36.2)

where H, = 24(E, ~D—3Fr, +6Lr2), f =2JH,, a=i-2 and A=- .

JH,

Evaluating, the integrals shown in Egs. (36.1) and (36.2) by applying the special integral
given by Eq. (33), the following results can be obtained as exact modifications

E(k..C.G,F,LLN,H,) andE*(k ,C,G,F,LLN,H,):

T(CLN,H,)=CB,MaT(2c + A +1)- 20T (2 + A + 2)+ T (2 + A + 3)}

G

T,(GLN, Hl):zﬂl’z”‘%’z {0’T (20 + 4+ 2)- 20T (20 + 2 +3)+ T (2a + 1 + 4)}

T,(FLN,H,)= g BT (20 + A+ 4) - 20T (20 + A +5)+ T(2a + 1+ 6)

T,(LLN,H,) =LA **{a®M(2a + A +5)- 2T (22 + A+ 6)+ T (2 + A +7)} (37)
=-LT, (LN =1H,)

As mentioned previously, this energy is produced with the effect of induced spin-orbit
interaction at the first excited state as follows:

E“(k,,C,G,F,LLN,H,)= —7C,f,k+{®T11(1,C,G, F,L,N, Hl)—iTs(l, N, Hl)} (39)
’ 38

Eziq(kf,C,G,F,L,l,N,H1)=_7’C§|k {@Tll(lc G,F,L,N,H,)- T s(LN,H )}

Where the factor
T,(LC,G,F,LN,H,)=T,(CLN,H,)+T,(GLN,H,)+T,(FLN,H,)+T,(LLN,H,). Furthermore,

in the same manner as before, the exact modifications Efiq(k+,C,G, F,L,n,N,H, ) and

E“(k..C,G,F,L,n,N,H,) for n'" excited states can be found as follows:
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E“(k,,C,G,F,L,n,N, Hl):—ny,k+{®Tln(n,C,G, F,L,N, Hn)—iTs(n, N, Hn)}
“ 2H (39)

E®(k_,C,G,F,L,n, N,Hl)z—ycf,k{G)Tln(n,C,G, F,L,N, Hn)—Z%TS(n, N, Hn)}

where T, =T,(C,n,N,H,)+T,(G,n,N,H, )+ T,(F,n,N,H, )+T,(L,n,N,H,) and
T,(n,N,H, )= —LT,(L,n,N,H,). The result shown in the Eq. (39) is specific to

hydrogenic atoms such asHe", Be*and Li** .
3.4 The modified magnetic spectrum for hydrogenic atoms under MCIQP model

In addition to the important results obtained previously, another important physically
meaningful phenomenon produced by the effect of MCIQP related to the influence of an

external uniform magnetic field B is considered. Moreover, to achieve this without repeating
the previous calculations, it is sufficient to apply the following replacements:

(5—);(% and 5—>E§ (40.1)

to make the following changes.

- %+%+£—L]6E+% —> - £+£+£—Lj;{+i EE (40.2)
r 2r° 2r 2

Here y and o are two infinitesimal real proportional constants. The arbitrary uniform

external magnetic field § is chosen to be parallel to the (Oz) axis. The new modified
magnetic Hamiltonian H &° (r,;(,g) in (NC: 3D-RSP) symmetries can be written as:

H;‘q(r,@,é)—) Hziq(r,;(,g):—{%+£+£— ij—zi}(gj—xzj (41)
‘* 7

r* 2rd 2r

-
here N, =—SB denotes the Zeeman effect in commutative quantum mechanics, while

N mod_z Eﬁj—xzis the new Zeeman effect. Now, to obtain the exact NC magnetic
modifications of energy E®*(m=0,C,G,F,L,n=0,N,H,), E®*(m=0+1C,G,F,LLn=1N,H,) and
E;‘q(m:T,JrI,C,G, F,L,n,N, Hn) corresponding to the ground state, the first excited state and

the n™ excited states, respectively, of hydrogenic atoms such asHe*, Be* and Li®*, replace
one of two factors (k, ork_) in the Egs. (35) and (38) by the magnetic quantum number m
and the infinitesimal parameter ® by the new infinitesimal coefficient y . Thus, the
following results can be obtained:
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E®“(m=0,C,G,F,L,0,N,H,)=0

ES(m=0+1C,G,F,LLN,H,)=—C;} {;(Tll(l,C,G, F,LN, Hl)—ziTs(l, N, Hl)}Bm (42)
7

m

E(m="1+,C,G,F,LnN, Hn)=—;cf,{;ﬂm(1,c,e, F,L,N, Hl)—ziTS(l, N, Hl)}Bm
U

Since-1<m<+l, (21+1) values can be fixed for the discreet number m . It should be noted
that the results obtained in Eg. (42) can be found by direct calculation

ES = <‘}"H . (r, ;(,5]‘?) that makes the following explicit relation:

G
+ 7l+2 n —2n—i 2 —+— -
ES = —C2mB | r ™ exp(Z\/HTr [—rzdj r J'T"exp(—z\/HTr) rto2r -2 dr (43.1)
0 dr +£—L 24
2r
This can be rewritten as the equivalent form:
g , T,(C,n,N,H, )+T,(G,n,N,H,) p
En' =—CamBy ¥ ~—T,(n,N,H,) (43.2)
+T,(F,n,N,H, )+T,(L,n,N,H )| 2u

Then the corrections produced by the Hamiltonian operator H & (r, X 0') for the ground state

and other excited states can be found by repeating the same calculations in the previous
subsection.

4. GLOBAL SPECTRUM OF THE HYDROGENIC ATOMS UNDER MCIQP AT
FINITE TEMPERATURE:

In the previous sections, the solution of the MSE for the hydrogenic atoms such as (
He*, Be'andLi®*") under the MCIQP model was obtained as Eq. (22) by using the
generalized Bopp’s shift method and standard perturbation theory. The corrections
E(Cui_qd)(ki,C,G,F,L,O,N,HO), E(Cu‘j)(kt,C,G,F,L,l,N,HO) andE(Cuii)(ki,C,G,F,L,n,N,HO)

have also been obtained. Two polarities up and down corresponding j=1+1/2 and
j=1-1/2, for the ground state, the first excited state and the generalized excited states,
respectively have also been seen. Those corrections were produced with the effect of
induced spin-orbit operator and the modified Zeeman effect operator in the (NC: 3D-RSP)
symmetries. Now, the modified eigenenergies (E“Ciq E 2 Xo,m:O,C,G, F,L,N,H,),

nc !

(B E J1,m=041,C,G,F,L,N, H,) and (E%%, E&*)n,m==1+1,C,G,F,L,N,H,) with

spin-1/2 based on our original results, which were presented as Egs. (35), (38), (39) and (42)
can easily be deduced, in addition to the energy E,, for CIQP in the Eq. (12.1), as follows:



Abdelmadjid Maireche /Sri Lankan Journal of Physics, Vol. 21, (2020) 11-36 26

E(0,m=0,C,G,F,L,N,H,)=E,
eT,(C,0,C,G,F,L,N,H,) (44.1)

E<(0,m=0,C,G,F,L,N,H,)=E, —C2k,(I=0 6
nc ( m 0) 0 7COI +( _ziTs(O,N,HO)
Y2

(k,®+ yBm)T,(1,C,G,F,L,N,H,)
E“(1k,,(mn=04+1),C,G,F,L,N,H,)=E, —
(Lk..(m=0£1)C,G F, LN Hy)= E, ~,C] [ek +Bm}5<1,N,Hl>
2p " 2u (44.2)
(k. ©+ xBm)T,(1,C,G,F,L,N,H,)
Edoa(1,k =0,+1 F,L,N,H,)=E, —C2 o o
KLk (m=0:41).C.G,F L N.H,) = E, ~1C] (ak +Bm}T(1N,H1)
2u 2u

(k,®+ Bm)T,, (n,C,G,F,L,N,H,)

(k ijTs(n, NOH) } (44.3)

2u 2u

(k_ ®+ xBm)T,,(n,C,G,F,L,N,H,)
deiq 1 — _ 2
ES(n,k_,m=—1+1,C,G,F,L,N,H,)=E, —C} _[ . +Bm)T (N.H.)

E*(n,k,,m=—1,+1,C,G,F,L,N,H,)=E, ;cf,{

Where the two values of energies E, and E, of the ground state and the first excited state

are given as follows:

Zy(gF—SL+Gj

2 3

% =D %_%_zi 85F : L
u u
1+ 1+~ -24—+8
\/ 5 5 1C (45)
2
3F 8L
) e
3F 6L 1 ”[52 5 j
=D+ -2~
5

2
H 3i\/1+ 41(1 +1)+85LF—24; 8,C

This is one of the main objectives of our research. Note that the obtained eigenvalues of
energies are real and the NC diagonal Hamiltonian H °'q (xﬂ, pﬂ) is Hermitian. Furthermore,

it is possible to write the three elements (H °'q) , (H i )22 and (H o )33 as follows:

H cig (X#, py ) —>H :lq (Xﬂ’ py ) = diag((H nclq )11 ! (H ::q )22 ! (H :lq )33) (46'1)
ci Anc uci ci Anc ci ci A
Where (H ncq )11 = _Z-i_ H int ’ ! (H m:q )22 - _Z +H :t ! and (H ncq )33 - _Z +V0|q( )
while the new Kinetic term is given by:
A_)Anc:A_gL_O-L (46.2)
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and the two modified interactions elements (H "9 H df'q) are given by:
: B(T r) C G F 0
H™ = AT, r)r— +C(T,r)r? =k (K| = +—+—-L|®@-——
= AT,r) () w(ﬁ( ey
C F
Az z—‘
L O =k (%+%+E_Lj@_i
r 2r° 2r 2u

- (%+%+£_ij_i Nmod—z
r~ 2r° 2r 2u

Thus, the kinetic term for CIQP model (—ZA) and the interaction term appear in the Eq.
MU

(47)

H 4 = (T,r)r -

A
(6), are replaced by a new modified form of kinetic term 2"° and new modified interactions
M

(H :fiq and H :f‘q) in (NC-3D: RSP) symmetries. On the other hand, it is evident to consider

the quantum number m takes (2l +1) values and the global momentum operator takes two

values I+% andl+%. Thus, every state in usual three-dimensional space of energy for

hydrogenic atoms under MCIQP will become double 2(21 +1)sub-states. To obtain the total

complete degeneracy of energy levels of hydrogenic atoms in (NC-3D: RSP) symmetries,
all allowed values of |are to be added. Total degeneracy is thus,

n-1 n-1
2> (21+1)=2n* > 2{2 2(21 +1)j =4n’ (48)
1=0 1=0
NRQM NRNCQM

Thus, the total complete degeneracy of the energy level of the MCIQP model will be
doubled. This gives a very good indicator that our new treatment produces clear energy
values when compared with similar energy levels obtained in NRQM. Note that the

obtained energy eigenvalues (Er‘jcc'q, E o Xn, (m = —I,+I),C,G, F,L,N, Hn) now depend on
new discrete atomic quantum numbers (n, j,I,s) andm in addition to the parameters (
C,G,F,L,N) of the potential.
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5. GLOBAL SPECTRUM OF THE QUARKONIUM SYSTEMS UNDER MCIQP
MODEL AT FINITE TEMPERATURE:

The second main principle goal of this work is to treat the case of systems with spin-
1/2, for example, the quarkonium systems, such as the charmonium cc, bottomonium bb

and mesonscs . It is well known that the eigenvalues j of total operator J can be obtained
from the interval || —s| < j <|I +s|. This allows us to obtain the eigenvalues of the coupling

operator LS as k(j,I,s)= j(j+)-1(1+1)—s(s+1). Then the nonrelativistic energy
spectrum E (n,k(j,l,s), (m =T,+I)C,G, F,L,N, Hn) of the quarkonium systems can be
obtained directly from the Eq. (44.3). We need to replace one of three factors (k, or k_ and
y) by the new two factor k(j,l,s) and g, which represent the strong coupling in the QCD

theory. This is to avoid repeating previous calculations. This allows us to get the following
results:

ES*(n,k(j,1,8).(m=—T+1)C,G,F,LLN,H, )=E, -
(k(,1,s)® + BmT,,(n,C,G,F,L,N,H,)
2 p—
o

n —(—k(j,|,s)+iBm]T5(n,N,Hn)
2u 24

g (49)

Our last application is to calculate the mass spectra of the heavy quarkonium system such as

charmonium, bottomonium that have the quark and antiquark flavor and mesonscs under
MCIQP model at finite temperature. To achieve this goal first the mass formula of
quarkonium in 3-dimensional space is recalled*®->!:

M =2m, +E, (50)

In order to achieve this goal, the traditional formula M =2m, +E,, is generalized to the

new form:

M =2m, +E, —>M% =2m_+E*(nk(j,l,s)m,C,G,F,L,N,H,) (51)

here m, is a bare mass of quarkonium or twice the reduced mass of the system and E:Zq is

the energy in NRNCQM symmetries. Thus, at finite temperature T = 0for the modified
mass of quarkonium systems M °'q , the following equation is obtained:

(ik(j,l,s)+iBmJT5(n, N,H,)
2u 2u

~(k(j,1,5)®+ Bm)T,, (n,C,G,F,L,N,H,)

M =2m, +g,C]

s~nl

(52)
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here M is the heavy quarkonium system at a finite temperature under CIQP in NRQM:.
Now, the Eq. (49) is applied on the charmonium, bottomonium and mesons cs. It is well
known that the spin of charmonium, bottomonium and mesons cs are equal to two values
(0 or 1). For the case of spin-1, from the interval | -1 < j <[l +1, three values of j (I-1, |

andl+1) are provided. These three values are allowed to be fixed as

(k, (1), k, (1), ky(1))= %(I —2,-21 —2). Thus, the three values of energy are given by.

(k, (1)@ + xBm)T,, (n,I,C,G,F,L,N,H,)
E“(k,(I)n,1,mC,G,F,LLN,H, )=E, -g,C} _[ 7 kl(l)+iBm)T5(n,N,Hn)

2p

(k,(1)® + zBm)T,,(n,1,C,G,F,L,N,H,)
E®(k,(1),n,I,m,C,G,F,L,N,H )=E_ —g.C2 ] p
nc ( 2()n m n) nl gs nl _[Zikz(l)_l_ziBmJTS(n’N’Hn)

Y2

(k,()® + zBm]T,, (n,I,C,G,F,L,N,H,)

E*(k,(I)n,1,m,C,G,F,L,N,H, )=E, -9,C] _[5

—k3(|)+i ijTs(n, N,H,) (53)
2

2u

Thus, the modified mass of the charmonium cc , bottomonium bb and mesons cs becomes:

1[Ej‘f(kl =1/2)+E%(k, =-1)
3

M=2m +E, >M®“=M+>| " n,mC,G F,LN,H, ) (54
q | ne + E:lq (k3 - _1) J( ) ( )

here %(Eciq(k1 =1/2)+ E®(k, = -1)+ E®(k, = -1 1)) are the non-polarized energies (energy

independent of spin). For the case of spin-0, j is equal only to one value of |, which
allows the null values of k(j,l,s) to be obtained. Thus, the modified mass of quarkonium

system M C'q can be taken as the following new result:

M, for spin-1

. (55)
M, for spin-0

M%(n,I,m,C,G,F,L,N,H )=M(C,G,F,L,N,H, )+ ganzl{

Here, the two perturbative masses Ml(S = 1} and M 2(3 = 0] are given by:
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Ml(gzzjz[;ﬁm+Ig4®+jTln(n,C,G,F,L,N,Hn)—(GBm+(| +4)1§JT5(n,N,Hn)
y7i

2pu (56)

M2(§:6):{ZTln(n,C,G,F,L,N,Hn)"';Ts(n)N!Hn)}Bm

Finally, the contribution for the hydrogenic atoms, such as (He*, Be*and Li*") is obtained.
The ordinary energy E, in NRNCQM will be modified by two values oE, anddE

down ?

which correspond to the two polarities up and down, in the symmetries of NRNCQM, as
follows:

&E,, E—;'Crf,{(k+®+;58m)'rln(n,c,6, F,LN, Hn)—(ik+ +£BmJT5(n, N, Hn)}

2u 2u
for - polarity: up (57)
aEdown E_ﬁﬁl {(k_@ + ZBm)Tln(nic’G’ F' L’ N’ Hn)_(zik+ +2£ BmJTS(m N, Hn)}
u u

for - polarity: down

Moreover, for the quarkonium system such as the charmonium cc, bottomonium bb and
mesonscs , the ordinary energy E, will be modified by new additive partéE:iq , in the

symmetries of NCQM. This modification is given by:

(k(,1,s)®+ Bm)T,,(n,C,G,F,L,N,H,)
ﬁ:iqg_gscrfl _ ik o
2p

(j,I,s)+£BmJT5(n,N,Hn) (58)
2p

here éE:iq represents the difference between the two values E:if(n,k(j,l,s),m=T,+I,C,G,F,L,N,Hn)
andE,, .

6. MAIN RESULTS

The present work is divided into two-fold. The goal of the first part was to find a

solution of the MSE for the hydrogenic atoms such as (He*, Be*and Li*") under MCIQP
using the generalized Bopp’s shift method and standard perturbation theory. The energy
eigenvalue is calculated in the (NC: 3D-RSP) symmetries. The modified eigenenergies

(E%e,E%)0,m=0,C,G,F,L,N,H,), (E** E*)L,m=0+LC,G,F,L,N,H,) and
(E*9,E“")n,m=—1+1,C,G,F,.LLN,H,)) and corresponding Hamiltonian  operator

qu(xﬂ,pﬂ) are obtained. In the second part, the eigenvalues expressions for the

nc

quarkonium systems such as the charmonium cc, bottomonium bb and mesonscs are
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obtained. It should be noted that our results in recent work are in good agreement with the
results already exist in literature in NCQM where the physical treatment was done using
other potentials such as new modified potential containing Cornell, Gaussian and inverse

square terms “° and modified quark-antiquark interaction potential 2. If (@,5)—)(0,0) is
considered, the results of the commutative space of first reference*® obtained for the Cornell

plus inverse quadratic potential at finite temperature can be reproduced. This limiting
condition reproduces the results exist in literature.

7. CONCLUSION

This paper is devoted to solving the MSE for the modified Cornell plus inverse
quadratic potential at finite temperature. Our work has been organized around two major
parts. In the first part, nonrelativistic spectrum of hydrogenic atoms such asHe™, Be" and
Li* which interacted with this potential at finite temperature was considered. The energy
spectra of the quarkonium systems, such as the charmonium cc, bottomonium bb and

mesonscs were considered in the second part. The generalized Bopp’s shift method and
standard perturbation theory in the (NC: 3D-RSP) symmetries were applied; the main results
obtained are summarized below.
o : B(T,r) 2n
e Ordinary interaction (A(T,r)r B C(T,r)r?) in NRQM was replaced by new
modified interactions according to the results shown in Eq. (47),
e The ordinary kinetic term was modified to the new form in Eq. (46.1) for heavy
quarkonium systems and hydrogenic atoms under the influence of MCIQP model,

e The perturbative corrections for the ground state, the first excited state and the
generalized excited states with spin-1/2 and spin # 1/2 have been obtained as results
shown in Eqgs. (44.1), (44.2), (44.3), respectively. In addition, the energy for heavy
quarkonium systems under the influence of MCIQP was shown in Eq. (49),

e The modified mass of quarkonium systems M °'q for spin- (0 or 1) have been obtained

at finite temperature (T =0). The mass values were equal to the sum of the
corresponding value M in NRQM and two perturbative terms proportional to two

parameters (® or y ) and (50r5 ),

e The MCIQP was suggested as an effective potential for quark—antiquark interaction
at finite temperature. It describes hydrogenic atoms because the global potential
contains a Coulomb potential term in the (NC: 3D-RSP) symmetries.

e The energy eigenvalues corresponding to (@, E’)—) (0,0) which were obtained here
can be reduced to the result obtained in Ref.! for the SE in three-dimension subjected
to the Cornell plus inverse quadratic potential at finite temperature.

The important results of this article are the ability and capability of the MSE to play a vital
role in calculating and describing many phenomena as in high-energy physics (HEP). The
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solutions of the MSE are important for calculating the mass of quarkonia such as

charmonium cc , bottomonium bb , and mesons cs with spin (0 or 1) under MCIQP at finite
temperature in (NC: 3D-RSP) symmetries.

Here a new theoretical model in the field of (NC: 3D-RSP) symmetries has been presented.
Furthermore, energy values which appeared quantitative and interesting have been obtained.
This can be considered as a revolution at the theoretical level. Presently, technological
applications for this model are being worked out.
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