Sri Lankan Journal of Physics, Vol. 22 (2021) 1-19

DOI: http://doi.org/10.4038/sljp.v2211.8079

INSTITUTE OF PHYSICS — SRI LANKA

Research Article

Solutions of Klein-Gordon equation for the modified central complex
potential in the symmetries of noncommutative quantum mechanics

Abdelmadjid Maireche*

Laboratory of Physics and Material Chemistry, Physics department, Sciences Faculty,
University of M'sila- Algeria.

Abstract

We explore the new analytical solutions for both bound and the new masses of mesons
of the Klein—Gordon equation with the modified central complex potential, which

describes the heavy-lightQq, (Q=c,q=u/d,s) mesons and the quarkonium
systemqq, (q = c,b,s)via the standard Bopp’s shift method and standard perturbation
theory.We have obtained the energy eigenvalues of the ground state E(o)(a,b,O, j,I,m),

nc

the first excited state E“(a,b,, j,I,m) and p"the excited state E'")(a,b, p, j,I,m)in

nc nc

terms of the shift energy (AE_ (0, j,1,s,m), AE_ (L j,1,s,m)andAE_(p, j,I,s,m)) and
(E,, E, andE,) of ordinary relativistic quantum mechanics. In addition to the

parabolic cylinder functions, the Gamma function, the discreet atomic quantum
numbers(j,I,s,m), the potential parameters (aandb) and the noncommutativity

parameters (#and o). In the second part of the research, we will apply the obtained
results to calculate the new masses of the mentioned previously mesons in the
symmetries of the relativistic three-dimensional noncommutative quantum mechanics.
Moreover, some important special cases in the context of the symmetries of the
relativistic three-dimensional noncommutative quantum mechanics are treated.
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1. INTRODUCTION

An adequate understanding of the quark behavior of two interacting quarks as a function
of their relative positions is very pertinent in different fields of sub-atomic and
elementary particles using various potential schemes. Recently, there has been a great
interest in obtaining quark potential energy functions governing the interaction of two-
quarks (mesons model) 10 In particular, the complex potentials such as exponential
type complex and non-Hermitian potentials, generalized Hulthén potential in complex
quantum mechanicsand central complex potentialsV (r) =iar +b/r were played a
crucial role in particle physics as well as in nuclear physics®™3, In addition, this
potential is suggested as a quarkonium physics or quark-antiquark interaction potential
for studying the masses of the heavy-lightQq, (Q=c,q=u/d,s)mesons and the
quarkonium system qq, (qzc,b,s)in relativistic three-dimensional noncommutative
qguantum mechanics, in which the potential satisfied the features of quantum
chromodynamics theory of strong interaction!*. In this paper, the recent progress made
by authors V. K. Srivastava and S. K. Rose to motivate us in their studies®®.

In this paper, motivated bymany various recent studies for example the non-
renormalizable of the electroweak interaction,quantum gravity, string theory, the
noncommutative relativistic quantum mechanics has attracted much attentionto physical
researchers>2,

This paper aims to understand the central complex potential in large space known by
relativistic noncommutative quantum mechanics to achieve a more accurate physical
vision so that this study becomes valid in the field of nanotechnology. On the other
hand, to explore the possibility of creating new applications and more profound
interpretations in the sub-atomics and nano scales using a new version of the modified
effective relativistic central complex potential, which has the following form:

V()= 2(E + M iar +b/r)+ 1 HY

eff 2r2
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(1.1)

herei’ =1, a and b are the real positive potential parameters and r is the interquark
distance while the coupling L©® is interpreted as the interaction between the angular
momentum operator and noncommutativity properties of space-space. In this paper, we
have introduced the modified central complex potential, which takes the following form:

. la b \»2
V_ (F)=iar+b/r-| —-— |LO+0(®? 1.2
A7) o0 L6+0(07) (12)
It should be noted that the noncommutativity was introduced firstly by W.Heisenberg??
in 1930 and then by H.Syndre?3 in 1947. Up to our knowledge, no attempts to study the

modified central complex potential using Bopp’s shift method. The new structure of the
relativistic noncommutative relativistic quantum mechanicsbased on new NC canonical
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commutations relations in Schrodinger, Heisenberg and interactions pictures,
respectively, as follows242° (Throughout this paper, the natural units ¢ =% =1 will be
used):

500y | = 10:5,0| < 2,078,0)| o,

{f(i x,} = [x (t). %, (t)} _ {y(“ (t).%, (t)} _ig, )

where the indices (i, j =1,2,3) whlle‘LA Bl A*B-B*A, for any two operators A
andB. However, the new operators & t)=(X v p, )t)and El(t (t)= (&, v P, Nt) in
(Heisenberg and interaction pictures, respectively) are depending on the corresponding
new operatorcf =X, v P, in Schrédinger picture from the following projections
relations:

EN ()= exp(iH, T)& exp(—iH, T) &7 (t) = exp(iH ©T)* & *exp(~iH “T)
" n =9 . R n n
&' (t) = exp(iH “T)E" exp(—iHT) | &' (t) = exp(iH = T)* &S *exp(~iH ©T)

hereT =t—towhile&® = (x, v p,), &" (t)=(x v p, \t) and éil (t)=(x; v py Xt) are the
three representations in relativistic quantum mechanics.The dynamics of new systems
MO,

dt dt
noncommutative relativistic quantum mechanics:

) are described from the following motion equations in relativistic

dé [é'H s 8§£t(t) - déci:t(t) ) [éH (1), A= } " w @)
ko] 80= S awnz |- S0

where H_( I-A|§C yand H “( H “) represent the global quantum Hamiltonian (the
unperturbed Hamiltonian)operators for complex potential and modified complex
potential in the relativistic quantum mechanics and its extension, respectively. The very
small parameter 8" (compared to the energy) are elements of theantisymmetric real
matrix and (*) denote the Weyl Moyal star product, which is generalized between two
arbitrary functions (fg)(x) to the new form f(x)@(x)s(f +g)x) in relativistic three-
dimensional noncommutative quantum mechanicssymmetries30-42;

(fg)(x)—> (f *g)(x):exp(leuaxaX )f( )g(xj); fg(x)—%e”a?f 0’9 +0(0?) 5

%=Xj

which 0(6?2) stands for the second and higher-order terms of the infinitesimal
parameter#. The second in the above equation presents the effects of (space-space)



A. Maireche /Sri Lankan Journal of Physics, Vol. 22, (2021) 1-18 4

noncommutativity properties. The objective of this study is two-fold; firstly, we solve
the modified Klein-Gordon equation with the modified central complex potential using
the Bopp’s shift method and standard perturbation theory, we apply the energy equation
obtained to study atomic behavior in some selected the heavy-light Qa,
(Q=c,q=u/d,s) mesons, and the quarkonium systemqq, (q = c,b,s)of this potential.
While we deal in the third part of some important special cases. The scheme of our
research article is as follows. Section 1 has the introduction, a brief description of the
eigenfunctions and the energy eigenvalues for the central complex potential in the
relativistic quantum mechanics is reviewed in section 2. In section 3, the modified radial
Klein-Gordon equation with the modified central complex potential is solved via the
standard Bopp’s shift method and the standard perturbation theory. In the next section,
we apply our results to calculating the new masses of heavy-lightQq,
(Q =c,q=u/d, S) mesons and the quarkonium system qq ,(q =¢,b, S), then, we present
a special case of the potential under consideration.Finally, we discuss some particulars
casesin section 5 before the conclusion in section 5.

2. OVERVIEW OF THE RELATIVISTIC ENERGY LEVELS AND
WAVE FUNCTION FOR CENTRAL COMPLEX POTENTIAL

As already mentioned, we aim to obtain the relativistic spectrum of the modified central
complex potentialV  (r) =iar +b/r in a three-dimensional relativistic noncommutative
quantum equation. In spherical coordinates, the Klein-Gordon equation with the scalar
potential S (r)and the vector potential V  (r)is given by (C =7 =1):

(v —(M =S, () +(E-V ()} W(r0.0)=0  (6)

If the wave function is selected as ¥(r,8,¢)= Roi (r)Y,"(6,¢) and after the necessary

calculations are done, the radial part of the Klein—-Gordon equation R, (r) is obtained as
the following form:

d> 2d I(1+1
{_ o (M ‘- E;I )_ 2(EVcc (r)+ Mscc (r))—i_vci (r)- Sczc (r)- (rz )}RN (r) =0 (")
where /is eigenvalues of the angular momentum. For removing the derivation of the first
_ U pl (r)

order, we introduce R (r) = ———, thus Eq. (7) become in the case of equal scalar and
r

vector potentialsV  (r) =S (r):

{dTZZJr(E;, ~M2)-2(E + M iar +b/r)- '(';l)}u a(r)=0 (8)

Based on the ref. [13], the complete wave function is the following:
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a,r’t exp(—%ocr2 - ,BOrJYlm(e, ) for p=0

¢ (r,0,p)= (aorvl+alrv)exp(—%ar2—ﬂlrJYlm(H,(p) for p=1 (9.1

NgE

ar" exp(—%ocr2 —ﬂperlm(e, p) for p

n=0

Where a. c

an
v=v, =12+ |(1+1/2f -b* ,a = Ja and B, = \/EEp .Also, the energy E, of the relativistic
potential obtained from the following relation:

be  determined by the normalization  condition,

E, =(M?-2ab+(2v, +1)/(a+1)f"*
E, =(M?—-2ab+(2v, +3)/(a+1)f"” (9.2)
E, = +(M? —2ab+(2p+2v, +1)/(a+1)]"

It is a worth motion that the potential used in the paper should satisfy the Coulomb force
proportional to (— b/r? )which expresses the asymptotic nature of the strong interaction
at short distances and the confinement forceproportional to(—ia) produced from the
linear part for describing the interaction between light and heavy mesons at large
distances.This physical behavior is quite similarto the Cornell potential*>-#4.1t can also be
said that the physical behavior of the studied potential, in ordinary nonrelativistic
guantum mechanics, is similar to the trigonometric Rosen—Morse potential (suggested as
a quark-antiquark interaction potential)which is as a function of distance r for the exact
and approximate potential on the second page of the Ref.®.

3. SOLUTION OF MODIFIED KLEIN-GORDON EQUATION FOR
SOLUTION OF MKG MODIFIED CENTRAL COMPLEX
POTENTIAL

In this section, we shall give an overview or a brief preliminary for the modified
central complex potential in relativistic three-dimensional noncommutative quantum
mechanicssymmetries. To perform this task the physical form of modified Klein-Gordon
equation it is necessary to apply the notion of the Weyl Moyal star product on the

differential equation satisfied by the radial wave function U, (r) in Eq. (7), thus, the
radial wave function U (r) in relativistic three-dimensional noncommutative quantum

mechanicssymmetries become?25-29:;
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r

om0, -0

Lm0, -0
dr (10)

The Bopp’s shift method has been successfully applied to the relativistic
noncommutative quantum mechanics and nonrelativistic noncommutative quantum
mechanics problems using a modified Dirac equation, modified Klein-Gordon equation
and modified Schrodinger equation. This method has produced very promising results
for several situations having physical, chemical interest30-36. The method reduces three
modified fundamental equations (modified Dirac equation, modified Klein-Gordon
equation and modified Schrodinger equation) to the (Dirac equation, Klein-Gordon
equation and Schrodinger equation), respectively, under the simultaneous translation in

space. It based on the following new commutator34-42:
[%,.%]= [, 0% 0]=i6,, (1)

The new generalized positions and momentum coordinates ()A(#, f)v)in the relativistic

three-dimensional noncommutative quantum mechanicsare defined in terms of the

commutative counterparts (X " pv) in quantum mechanics via, respectively#!-42. 45-52;

0
(X,u’ pv)j()zy’ ﬁv):ny - ;_IV pv' pﬂJ (12)

- >
The above equation allows us to obtain the operator r> = f°>=r’>-L® in the

relativistic three-dimensional noncommutative quantum mechanicssymmetries. The two
. - >
couplings L@equal(LXG12 +L,0,+ LZ®13)and (L., L, andL,) are the three components
-
of the angular momentum operatorL while®,, =6, /2 the new parameter ©

equalsi0-42. 4546 9 /2 Thus, the reduced like Schrédinger equation (without star

product) can be written as:

(13)
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The new operator V__(f) can be expressed as25-29:

N 2 R LO V() | (e
vcc(r)=vcsw(x,, ; pvj(x > paﬂvcc(r) oo roet) a4

V (r) . Lo
We have Ne(1) ;}C( )_ Ia——b2 andﬂ—l2 ~ A—lz +L—4® O(@Z), allows us to write the modified
r r r r

radial part of the modified Klein-Gordon equation in the relativistic three-dimensional

noncommutative quantum mechanics symmetries:

{dz +(E Mz)_Z(E+M)\/(r)_|(Ing){l(ljl)_(E+M)(i?aJr%ﬂzé}Upl(r):O(lS)

dr? r r r

Moreover, to illustrate this equation in a simple mathematical way, it is useful to enter

the following symbols V “(r)r)=2(E + M Yiar +b/ r)+I(I—J2r1) andES =M? —E?,
eff r

thus the radial equation (15) becomes:

d 2

e EEOn =0 ag
with:

s[5 a7

VCC
r r r

The additive part of the effective potential is proportional to the infinitesimal
vector® = 0,e, +©,e, +0,;e, . Thus, we can consider Vpen( )(r) as perturbation
terms compared with the parent potential (effective potential operator)V:fC (r)(r) in the
relativistic three-dimensional noncommutative quantum mechanics symmetries. The
purpose here is to give a complete prescription for determining the energy level of the
ground state, the first excited state and p" excited state, by applying the perturbative
theory, in the case ofthe relativistic noncommutative relativistic quantum
mechanics.In the first-order perturbation theory the expectation value of r™*, r° and

r* concerning the exact solution of Eq. (7), is given by:



A. Maireche /Sri Lankan Journal of Physics, Vol. 22, (2021) 1-18

<°"’m‘r_l\°"7m>=a02]r2 Sexp(-ar? —24,r)dr
0
[
0

<O,I,m‘r‘3‘0,l,m> a,” [r* 3exp ar —Zﬂor)dr

+

<O,I,m‘r"“0,|,m>=ao2 frz “exp(-ar? — 2,1,
0

(ao +a,r ) expl-ar? -2, )rdr

!_.*

<1,I,m‘r’1‘1,l,m>

<1,|,m‘r’3‘1,|,m> (ar"* +a,r” | expl-ar? —28,r ) dr

Il
o} ©
8

(LLmr1,m) = +joo(a0 “rar fexpl-ar? -2, )2,
;
and
(potmlr[p.1,m) = ﬂi}arjg exp(—ar? -2, Jrdr
(p.1 e [p,1,m) = ﬂioarjz expl—ar? —28,rfdr
<p,I,m‘r‘4‘p,I,m>=:|;(§anr”+ ]Zexp (car?—2p,r)2dr

Allows us to simplify Egs. (18) and (19) to the new form:

+00

a,’ jrzv‘l expl-ar? —28,r)dr

<0,I,m‘r‘l‘0,l,m>

‘é‘o

<0,I,m‘r‘3‘0,l,m> —a, jrzv‘z‘l exp(— ar? — Zﬂor)dr

0

(0,1,mlr*o,1,m) = aozTrZV31 exp(—ar? — 28, jdr
0

and

(18)

(19)

(20)

21)
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+

8

<1, L mr L1, m> = _[(aozrzv‘l‘1 +a, r "t 4 2aa,r )exp(— or? = 2,1 rdr
0

<1,I,m‘r‘3 ‘1,I,m> = +jzo(ao2 2721 L a’r? 4 2aa,r )exp(— ar? =28 tdr  (22)
0

<1,I,m‘r’4‘1,l,m> = +jzo(a revt pafrav g 2aoalr2V’H)exp(— or? =281 )r2dr

0

We  have used the  orthogonality  property  of  the  spherical

harmonics j Y,"(8,0)Y," (0, p)sin(0)dep = 5,5 It is convenient to apply the

"~ mm' *
following special integral33:

+0

J‘ X" exp(— Ax? — x)dx = (22) 2 F(v)exp(gj D, (%J (23)

0

Where D _, (LJ and T'(v)denote to the parabolic cylinder functions and Gamma

V24

function. After straightforward calculations, we can obtain explicit results:

(0,1,mr (0,1, m) = a,* (2) " T (2v) exp[ J ((ﬁo] (24.1)

<O,I,m‘r‘3‘0,l,m> =a," (2a) 2szl“(2v 2)exp{§° _(ZV_Z)[\/ZBO (24.2)
o

(04

24

<0,I,m‘r‘4‘0,l,m> —a,’(2a) 2Vzal“(Zv 3)exp{§° _(ZV_g{\/gﬂo (24.3)

and

2v-1

<1,I,m‘ ‘1‘1,I,m>exp[ A J—aj(Za) 2 T(2v-1)D gy, (&)
(25.1)

+a/(2a) 2 T(2v+2)D_,,. (6 )+ 2208, (22) 2 T(2v+1)D,. (&)

<1,I,m‘ ‘ll m>exp£ A J—ag (205)_¥F(2V_2)D7(2v—2)(‘€1)
20

2v-1

(Za) 2 F(ZV)D o(€0)+2393,(22) 2 T(2v =1)D_,, 4 (&)

(25.2)
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<1I m‘ ‘1,I,m> expL b J—a§(2a)TT(2V—4)D(zV4)(6‘1)
0.’

2v-1 2v

cal(2a) = 21D 4, fa)+ 22a(2a) @ T(2v-2)D., o)

(25.3)

: [2 o ) o2
Withe, = |—/f,. We have two principals cases, the first one corresponds to replace L ®
a

by ®OLS (®= \/®122 + @232 + ®132 ), we have chosen the vector ® parallel to the spin
52 2

- - -2
S and we replace ®LSby%[J -L -S J The set (Hff(r,@),JZ’ L?, S*and J,)

forms a complete of conserved physics quantities, the eigenvalues of the spin-orbit
coupling operator are k(l)= %(J(j +1) - 1(1+1) —s(s +1)), with|| —S| < S|| +S| :
Allows us to obtain the energy shift AE(O, ], I,S), AE(l, j,I,s) and AE(n, j,I,S)due to the
spin-orbital complying induced byV;‘:t (r) in the relativistic three-dimensional
noncommutative quantum mechanics symmetries as follows (Starting now we will use
the following shorthand notation<A>(pllvm) = < p, 1, m|A| p,l, m> ):

AE(0, j,1,5)=k |)®( +1)<r*4> - (g, +|v|)( a(r- >( ,.,m)‘b<r3>(o,|,m>)) (26.1)
AE(, j,1,5)= |)®( (1+2)r" > +|v|)( a(r- >(1,|,m)‘b<r3>(1,|,m>)) (26.2)
AE(p, j,1,8)= I)@( I+l)<r‘4> (Ep+M ia<r‘l>(p‘|’m)—b<r‘3>(p’|’m))) (26.3)

The second case corresponds to replace both (Eg) and®,; ) by (o,BL, ando;B) in
addition to use (n,I,m|L,|n",I',m") = m'S,,,.5,. 8y (With—1 <m<+l). Allows us to obtain
the energy shift AE_(0,m), AE_(L,m) and AE_(p,m)due to the modified Zeeman
effect induced byV Cc( )1n the relativistic three-dimensional noncommutative
quantum mechanics symmetries as follows:

AE_ (0,m)= a{l(l +1)<r’4>(01|‘m) —(E, +M )(ia<r1>(oyl'm) - b<r3>(0,|,m))}5m (27.1)

AE,_, { +1)<r’4> ~(E, +|v|)(< >(1'|'m)—b<r3>(l’|’m))}8m (27.2)
AECC(p,m)za{I(I+1)<r“‘>(pylvm)—(Ep +M ia<r‘1>(p‘|’m)—b<r‘3>(pylym))}8m (27.3)

The superposition principle permitted to deduce the additive energy
shift AE__(0, j,I,s,m), AE_(L j,I,s,m) and AE_(p, j,I,s,m)due to the spin-orbit
complying and modified Zeeman effect which induced byV::t (r)in the relativistic three-
dimensional noncommutative quantum mechanics symmetries as follows:
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E..(0,j,1,5,m)= I)®+Bom(l I+1)<r -(E +|v|)(|a< o.m ))(28.1)
AE. (1 j,1,5,m)=(k(1)®+ Bom(l I+1)<r +|v|)( a(r) ))(28.2)
AE(p, j,1,5,m)=(k(l)® + Bom)(l(l +1)<r‘4>(p’|‘m) -, +M Xia< > ))(28.3)

When we look to the expressions of effective central complex potential V°°( ) and
effective energy E*, it is clear that the energy valuesE’ have a carry unit of energy,
thus we can deduce explicitly the energy of ground state E (a b0, j,1, m) first excited
state E (a bl j,I,m) and p™the excited state E( '(a,b, n j,1,m)as a function of the
shift energy (AE_ (0, j,1,5,m),AE_(1, j,I,s,m)and AECC(p, j,1,s,m)) and (E,, E, and
E, ) as follows :

12

E®(a,b0,j,1,m)=M +(M? = 2ab+(2v, +1)/(a+1))

EU(abl j,l,m)=M + (M2 -2ab+(2v, +3)/(a+1)f
{ +(M

~(AE, (0, }.1,5,m))"*
—(AE_. (1, j,1,5,m))""? (29)
( ~2ab+(2p+2v, +1)/ (a+1))1/2 (AE.(p, j.1,5,m)}"?

12
E"(a,b, p, J,I,m)z

4. NEW MASSES OF QUARKONIUM SYSTEM IN RELATIVISTIC
NC QUANTUM MECHANICS SYMMETRIES

Now, we want to apply Eq. (28) on the bosonic particles like heavy-ligtha,
(Q =c,q=u/d, S) mesons, and the quarkonium system qa , (q =c,b, S)with a non-null
spin that have the quark and antiquark flavor, it is well known that the spin of
charmonium and bottomonium equal two values (0 or 1) because it is a consisted of
quark and anti-quark. For spin-one, we have|l-1 < j<[l+1], thus we have three values
of(j=1+1j,=1,j,=1-1), allows us the corresponding three values
(k, (1), k, (1) ky(1)) = %(I —2,~21 — 2) and thus, we three values of energy:

1/2
EX(k,(1)ab,n, j=1+11,m)=M=(M?-2ab+(2p+2v, +1)/(a+1)]"* {E(IE@JrNomj] (30.1)

EZ(k,(1)a,b,n, j=1,1,m)=M +(M? = 2ab + (2p+ 2v, +1)/(a+1)f* + [E(- @ + Nom)}"* (30.2)

E<(k,(1).a,b,n, j=1-11,m)=M (M2 —2ab+(2p+2v. +1)/(a+1)}”
V2 (30.3)
+[E(—I%l® Nomﬂ

s — : _ -4 _ : 1 _ -3
with Z(p, j,1,5,m)=1(1+1)r >(E'"m) (Ep+M ia(r >(p’|’m) b(r >(p’|’m)) (31)
The mass of the heavy-lightQq, (Q:c,q:u/ d,S) mesons, and the quarkonium

system qq, (q = C,b,s)can be obtained in the symmetries of ordinary quantum
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mechanics by applying the following formulas-6.54-55;

2m, +E,  for: cc,bb andss
M= (32)

mq+ma+Epl for:cs,cu and cd

Here m, are bare quark masses for heavy- lightQq, (Q=c,q=u/d,s) mesons and the
quarkonium system qa , (q =c,b, S)and M denote to. the mass the charmoniumecc,
bottomoniumbb, charmoniumcc, ssand mesonscsin the relativistic quantum
mechanics under ordinary complex potential. Thus, the modified mass of heavy-
lightQq, (Q=c,q=u/d,s) mesons and the quarkonium  systemqq,
(q = c,b,s)become as follows:

2my += ZE )a,b,n, j,,I,m) for:cc,bb andss
Mr(S=1)= (33)
my +m, +- ZE ).a,b,n, j,,I,m) for:cs,cu and cd

Thus, the modified masse of the heavy quarkonium system the heavy—ligtha,
(Q=c,q=u/d,s) mesons and the quarkonium systemqq, (q=c,b,s)become as
follows:

2m, +E, + M for:cc,bb andss

M(S=1)= . ~ (34)
mq+ma+él\/lrf§ for:cs,cu and cd

While the modified masses M ¢ is given by:
1 | 1/2 | n 1 1/2
ME 55{5{§®+NomH +[E-0+Noml[? {E{—T@momﬂ (35)

For the spin-zero case, j =1 equal only one value, which allows us to obtain a null
value for the parameter k(j,l,s), thus the modified mass of the quarkonium system
M can be determined according to the following new generalized formula:

2m, +E®“ (a,b,n, j=1,1,S=0,m) for:cc,bb andss
M(S=0)= " _ . - (36)
m, +m.++E“ (ab,n, j=1,1,5S=0m) for:cs,cu and cd

which gives
2 for:cc,bb andss

_ _ 37
"2 for:cs,cu and cd 37

2m, + E , +]|AE. (0, j,1,s,m N om
m, +m. +E, +[AE(n, j,1,5,m)N om]

On the other hand, it is evident to consider the quantum number m takes (2l +1) values
and we have also two values for j =1+1,1, thus any state in ordinary 3-dimensional space
of the energy for heavy-lightQq, (Q =c,q=u/d, S) mesons, and the quarkonium
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system qc_], (q = C,b,s)with spin-1 under the modified complex central potential will
become triplet3(2l +1)sub-states. To obtain the total complete degeneracy of energy
level of the modified complex potential in the symmetries of the relativistic three-
dimensional noncommutative quantum mechanics, we will have to sum for all allowed
values of angular momentum quantum number | =0, p_—l Total degeneracy is thus,

-

2§i(2|+1)52n2 —>3§2(2|+1)56n2 (38)

RQM RNCQM

The degeneracy of the initial spectral is broken and replaced by a new more precise and
clear one. The doubled the total complete degeneracy of energy level for the heavy-
lightQq, (Q=c,q=u/d,s) mesons and the quarkonium systemqq, (q=c,b,s)with
spin-1, inrelativistic noncommutative quantum mechanics symmetries under the
modified complex potential, gives very clear physical indicator shows that physical
treatments with relativistic noncommutative quantum mechanics appear more detailed
and clarity if it compared with similar energy levels obtained in ordinary relativistic
quantum mechanics.

It should be noted that the appearance of the spin-orbit interaction with the expression

1(1+1)

Vhis (r): f(r)Eg(herC f(r) = r4

pert

- (E +M )(E + %j) gives a physical indicator to
r r

extend the Klein-Gordon equation under central complex potential to the modified
Klein-Gordonrelativistic  three-dimensional noncommutative quantum mechanics
equation under modified central complex potential to include bosonic particles with
spin-(1,2...).Let us now look at some important special cases, when a=0 and

b =-Ze?, where we conclude the effective Colombian potential in the symmetries of

relativistic noncommutative three-dimensional real spaceV < (r, a=0b= —Zez) and the

pert
corresponding like radial Schrédinger equation which exactly compatible with the

results obtained in Ref. [25]:

2 |5
V;e",'t(r,azo,b:—Zez)zr(lr—jl)HE+M)Zri3JL® (39.1)
and

2 2
d_+(E2—M2)—2(E V) L G
d|’2 nl nl r r2

Il 2 U,(r)=0. (39.2)

+1 Ze” |» 2

12 e, w8
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Regarding obtained results in Equations. (38) and (39), the energy shift is depended on
the spin non zero (spin-1) can conclude that the modified Klein-Gordon equation which
treated in our paper under the modified complex potential can be prolonged to describe
not only spin-zero particles, but particles with spin-1, for example,the heavy—ligtha ,
(Q =C,q=uU /d,S) mesons, and the quarkonium systemqq , (q = C,b,S). Thus, one can
conclude that the modified Klein-Gordon equation becomes similar to the Duffin—
Kemmer equation, which describes bosonic particles with spin non-null. It should be
noted that our current results are an excellent agreement with our previously published
work, particularly for example the new modified potential containing Cornell, Gaussian,
and inverse square terms>¢, modified quark-antiquark interaction potential3’and modified
Cornell plus inverse quadratic potential’®. Furthermore, and in a general way, the
comparisons show that our results are in very good agreement with reported works25-29,
Worthwhile it is better to mention that for the two simultaneously limits (®, ) — (0,0),
we recover the results of the commutative space obtained in Ref.[13] For the modified
central complex potential, this means that our present calculations are correct.

S. CONCLUSION

This section of our paper gives a summary of the basic points in our work; we have
investigated the modified Klein-Gordon equation for modified central complex potential
in the relativistic noncommutative three-dimensional spaces. The energy levels of the
ground state, the first excited state and p"excited state (ng)(a,b,o, 1 m),
Ei)(a,b,l, j,I,m), EE:)(a,b, n, j,l, m)) as functions of the shift energy (AE_, (0, i1, m),
AE, (1 j,1,5,m),AE(p, j.I,s,m)) and (E,, E,,E,), is obtained via first-order
perturbation theory and expressed bythe parabolic cylinder functions, Gamma function,
the discreet atomic quantum numbers (j,1,s,m) and the potential parameters (aandb ), in
addition to the noncommutativity parameters (® and o ). This behavior is similar to the
perturbed both perturbed new modified Zeeman effect and perturbed spin-orbit coupling
in which an external magnetic field is applied to the system and the spin-orbit couplings
which are generated with the effect of the perturbed effective potential Vpii (r) in the
symmetries of relativistic three-dimensional noncommutative quantum mechanics. We
have seen that the physical treatment of modified Klein-Gordon equation under the
modified central complex potential for bosonic particles like heavy-ligtha,
(Q =C,Q= u/d,s) mesons and the quarkonium system(q, (q = C,b,S)with spin-(0,1)
gives a very clear physical indicator show that physical treatments with relativistic
noncommutative quantum mechanics appear more detailed and clarity if it compared
with similar energy levels obtained in ordinary relativistic quantum mechanics. Thus, we
can conclude that the modified Klein-Gordon equation becomes similar to the Duffin—
Kemmer equation under the modified central complex potential, it can describe a
dynamic state of a particle with spin one in the symmetries of relativistic
noncommutative quantum mechanics.The results related to relativistic quantum
mechanics under the central complex potentialbecomes a particular case when we make
the two simultaneously limits (®, ) — (0,0). The comparisons show that our theoretical
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results are in very good agreement with reported works. Finally, we can conclude the
important results from this article, are the ability of the modified Klein-Gordon equation
on playing a vital role in more profound interpretations in describing elementary
particles such as the heavy-light Qa , (Q =c,q=u/ d,S) mesons and the quarkonium
systemqa, (q :C,b,s)at high-energy physics under the modified central complex
potential.
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